Abstract. In this work we characterize Ulrich bundles of any rank on polarized rational ruled surfaces over P 1 . We show that every Ulrich bundle admits a resolution in terms of line bundles. Conversely, given an injective map between suitable totally decomposed vector bundles, we show that its cokernel is Ulrich if it satisfies a vanishing in cohomology. Finally we construct examples of indecomposable Ulrich bundles for several different polarizations and ranks.
Introduction
Through this paper we will work over k, an algebraically closed field of characteristic 0, and we will denote P N the projective space over k of dimension N . Let X ⊂ P N be a projective variety and let us set O X (h) = O X ⊗ O P N (1). We say that X is arithmetically Cohen-Macaulay (aCM for short) if H i (I X (t)) = 0 for t ∈ Z and 1 ≤ i ≤ dim(X) − 1.
A vector bundle E over an aCM variety X is called aCM if all of its intermediate cohomology groups vanish, i.e. H i (X, E(th)) = 0 for 1 ≤ i ≤ dim(X)−1. The study of aCM sheaves supported on X gives us a measure of the complexity of the variety itself. In this paper we will focus on a particular family of aCM sheaves, namely the Ulrich ones. They are defined to be the aCM sheaves whose corresponding module has the maximum number of generators.
In [16] D. Eisenbud and F.O. Schreyer characterized Ulrich bundles E with respect to a very ample line bundle O X (h) as the ones such that h i (X, E(−ih)) = h j (X, E(−(j + 1)h)) = 0 for each i > 0 and j < dim(X). Ulrich bundles carry many interesting properties and they are the simplest one from the cohomological point of view. In the same paper the authors raised the following questions: Is every variety X ⊂ P N the support of an Ulrich sheaf? If so, what is the smallest possible rank for such a sheaf?
The answer to these questions are still unknown in general, although there are several scattered results: e.g. [5] for an introduction on Ulrich bundles and some results on surfaces and threefolds, [3] and [9] for K3 surfaces, [4] for smooth projective varieties of minimal degree, [6] for nonsingular cubic surfaces, [8] for non-special surfaces with p g = q = 0, [11] and [7] for del Pezzo surfaces, [12] for flag varieties and [14] for Grassmannians.
The aim of this paper is to give an intrinsic characterization of Ulrich bundles over Hirzebruch surfaces. In [2] M. Aprodu, L. Costa and R.M. Miró-Roig discussed the existence of Ulrich line bundles and special rank two Ulrich bundles over ruled surfaces, which are the rank two Ulrich bundles E such that det(E) = 3h + K X . Their existence implies that the associated Cayley-Chow form is represented as a linear pfaffian [16] . The authors proved that Ulrich line bundles over ruled surfaces exist only for a particular choice of the very ample polarization O X (h), and they proved the existence of special Ulrich bundles under a mild assumption on the polarization.
In [17] and [21] the authors considered the case of Hirzebruch surfaces embedded as rational normal scrolls.
Recall that a rational ruled surface is a surface X together with a surjective morphism π : X → P 1 , such that the fibre X y is isomorphic to P 1 for every point y ∈ P 1 and such that π admits a section. For each e ≥ 0 there is exactly one rational ruled surfaces with invariant e over P 1 , given by π : X e = P(O P 1 ⊕ O P 1 (−e)) → P 1 . The Picard group is given by Pic(X e ) ∼ = Z ⊕ π * Pic(P 1 ), generated by a section C 0 and a fiber f with the intersection relations C 2 0 = −e, C 0 f = 1 and f 2 = 0. Given a divisor D = aC 0 + bf we will write the associated line bundle as O Xe (a, b) or O Xe (aC 0 + bf ). Furthermore the canonical divisor on X e is given by K Xe = −2C 0 − (2 + e)f .
In this paper we prove the following theorem: Thus we are able to express E as the cokernel of a certain injective map φ. In [13] I. Coskun and J. Huizenga found a similar resolution with totally different methods. They used it to classify Chern characters such that the correspondent general stable bundle on X e is globally generated.
Then we discuss the inverse problem: given an injective map φ as above, is E = Coker(φ) an Ulrich bundle? Our answer is given by Theorem 1.2. Let E be a vector bundle of rank r on (X e , O(h)) with c 1 (E) = αC 0 + βf and h = aC 0 + bf very ample. If E is the cokernel of an injective map φ
where
− e(α − ar) and τ = α − r(a − 1) are non negative integers, then E is an Ulrich bundle if and only if h 1 (E(−2h)) = 0.
A similar result was obtained in [10] for the Veronese surface, and in [20] for the projective space P N embedded with a very ample line bundle O P N (d). We will observe that in the case of special Ulrich bundles the induced map H 2 (φ) is always injective, so we obtain an alternative (with respect to [2] ) proof of the existence of special Ulrich bundles, characterizing them as the cokernel of a map between very well understood vector bundles. Furthermore, using the computer software Macaulay2, this gives us an useful tool to check the existence of Ulrich bundles of higher rank with a fixed first Chern class.
In Section 2 we summarize some general results on Ulrich bundles on polarized surfaces, on rational ruled surfaces and we recall some facts about full exceptional collection of sheaves. In Section 3 we prove Theorem 1.1 and we give an alternative presentation of an Ulrich bundle as the cohomology of a monad. In Section 4 we prove Theorem 1.2. In Section 5 we discuss the case of the ruled surfaces X 0 and X 1 embedded with a rational multiple of the anticanonical sheaf. In Section 6 we consider rank two Ulrich bundles and we give some admissibility condition on the first Chern class. Finally, in Section 7 we construct several different examples of indecomposable Ulrich bundles with respect to a generic very ample polarization.
Preliminaries and general results
In this paper we will work ruled surfaces over P 1 . We will denote by X e the ruled surface over P 1 with invariant e ≥ 0 (for details on ruled surfaces see for example [19] ).
On X e there are two natural short exact sequence that we will use in the next sections. The first one is
Xe → O Xe (0, 1) → 0, which is the pullback on X e of the Euler sequence over P 1 . Other than that we also have a second natural exact sequence
which in this case will take the form
Now we recall how to compute the cohomology of line bundles over X e . 
Now we briefly recall some basic definitions about derived categories of sheaves that we need in order to state the Beilinson's theorem (for more details see for example [18] ). Definition 2.2. Given a smooth projective variety X and let D b (X) the bounded derived category of sheaves on X.
• (E i , E j ) = 0 for all i > j. c) An exceptional collection is said to be full when Ext
• (E i , A) = 0 for all i implies A = 0.
In the next sections we will use the Beilinson's spectral sequence in order to obtain a resolution of Ulrich bundles over a given projective variety (For this version of the theorem see [4, Theorem 2.5] 
wich is functorial in A and converges to
Remark 2.4. It is possible to state a stronger version of the Beilinson's theorem (for details see [1] , where the theorem is stated for P N ). Let's consider a smooth projective variety X and let A be a coherent sheaf on X. Let (E 0 , . . . , E n ) be a full exceptional collection and (F n , . . . , F 0 ) its right dual collection. If Ext k (F i , F j ) = 0 for k > 0 and all i, j then there exists a complex of vector bundles L
• such that
In the next section we will apply Beilinson's theorem for sheaves on rational ruled surfaces, so we need to compute an exceptional collection for X e . Proposition 2.5. The collection
is a fully exceptional collection for X e , whose dual is
Proof. For (2.4) see [23, Corollary 2.7] . For (2.5) use the duality condition expressed in (2.3).
Now we recall the definition of Ulrich bundles. Let X ⊂ P N be a smooth irreducible closed subscheme and let F be a vector bundle on X. We say that:
for each i > 0 and j < dim(X). Ulrich bundles carries many properties. E.g. they are initialized, aCM and globally generated. Every direct summand of a Ulrich bundle is Ulrich as well. They also well behave with respect to the notions of (semi)stability and µ-(semi)stability. Recall that for each bundle F on X, the slope µ(F ) and the reduced Hilbert polynomial p F (t) (with respect to O X (h)) are defined as follows:
The bundle F is µ-semistable (resp. µ − stable) if for all subsheaves G with 0 < rk(G) < rk(F ) we have µ(G) ≤ µ(F ) (resp. µ(G) < µ(F )). The bundle F is called semistable (resp. stable) if for all G as above p G (t) ≤ p F (t) (resp. p G (t) < p F (t)) for t >> 0. We continue with some general results on Ulrich bundles: Moreover, the Riemann-Roch theorem on a surface S is
for each F locally free sheaf on S.
We conclude this section with some result about Ulrich bundles on ruled surfaces. We start with existence of Ulrich line bundles. 
(2) if a ≥ 2 there exist special Ulrich bundles with respect to h given by extensions
where Z is a general zero-dimensional subscheme of X e with l(Z) = (a − 1)(b − ea 2 ).
From the Ulrich bundle to the resolution
Let's consider X e = P(O P 1 ⊕ O P 1 (−e)) as a rational ruled surface π : X e → P 1 embedded with a very ample divisor h = aC 0 + bf . Now we will describe part of the cohomology of an Ulrich bundle E on X e .
Lemma 3.1. Let E be a rank r Ulrich bundle on X e with respect to a very ample divisor h = aC 0 + bf . Then
So for those t and s, E(t, s) has natural cohomology (i.e. there exists at most one
Proof. For the first part of the lemma, since E is Ulrich, then E(−a, −b) has no cohomology. Since D = tC 0 + sf is an effective divisor for t, s ≥ 0, then we have the following short exact sequence
Tensoring (3.1) by E(−a, −b) and considering the long exact sequence induced in cohomology, we obtain h 0 (X e , E(t, s)) = 0 for all t ≤ −a and s ≤ −b. Using Serre's duality and the fact that E ∨ (3h + K Xe ) is Ulrich, we obtain h 2 (X e , E(t, s)) = 0 for all t ≥ −2a and s ≥ −2b.
For the second part, we proceed by induction on s. First of all observe that since E is Ulrich
by E(−a, s) and consider the long exact sequence in cohomology. Since h 1 (E(−a, s)) = 0 by inductive hypotheses, then h 1 (E(−a, s + 1)) = 0, which proves (2).
For the third part we want to show that h 1 (X e , E(t, s)) = 0 for all t ≥ −a and s ≥ −b + e, so we proceed by induction on t. Suppose s ≥ −b, by (2) we have that h 1 (E(−a, s)) = 0. Suppose that h 1 (X e , E(k, s)) = 0 for all −a ≤ k ≤ t and s ≥ −b, and tensor (2.2) by E(t, s). Considering the long exact sequence induced in cohomology we have that if s ≥ −b + e, thenh 1 (E(t, s)) = h 1 (E(t, s − e)) = 0 by inductive hypotheses, and h 2 (E(t − 1, s − e)) = 0 since E is Ulrich, so we can conclude that h 1 (E(t + 1, s)) = 0 which proves (3). For the last part recall that since E is Ulrich then E ∨ (3h + K Xe ) is Ulrich, so we obtain (4) using (3) and Serre's duality. Now we will prove one of the main theorems of this work. Theorem 3.2. Let E be an Ulrich Bundle of rank r on (X e , h) with h = aC 0 + bf and with first Chern class c 1 (E) = αC 0 +βf , then E admits the following resolution:
Proof. We want to apply the Beilinson's Theorem to E. In order to do so, we compute the cohomological table of E(−a, −b).
First of all, by construction we have:
All the zeroes in the table are obtained using Lemma 3.1. Since all the vector bundles present in the table have natural cohomology, we will use the RiemannRoch theorem to compute the only non zero cohomology group. In general given a divisor D on X e we have
So by Riemann-Roch and using Proposition 2.7 we have
•
In this case D = −h − C 0 − f so using Proposition 2.7 we have
In this case D = −h − C 0 so using Proposition 2.7 we have
In this case D = −h + f so using Proposition 2.7 we have
By Theorem 2.3 end Remark 2.4 we have a short exact sequence
− e(α − ar) and τ = α−r(a−1). Tensoring the sequence by O Xe (h) we obtain the desired result.
Observe that the Theorem 3.2 imposes some numerical necessary conditions that a vector bundle must satisfy in order to be Ulrich. Corollary 3.3. Let E be a rank r vector bundle on (X e , h) with h = aC 0 + bf very ample and with first Chern class c 1 (E) = αC 0 + βf . If E is Ulrich then
Proof. The inequalities come directly form the fact that the cohomological table present in the proof of Theorem 3.2 must have non negative entries. Furthermore, suppose γ = 0. Then we will have
Xe (a, b − 1) but by Propositions 2.9 and 4.5, O Xe (a − 1, b − e) is not Ulrich, so γ cannot be zero.
Remark 3.4. If we dualize the sequence (3.2) and consider that for every Ulrich bundle E the vector bundle E ∨ (3h + K Xe ) is also Ulrich, then we have that every Ulrich bundle E with respect to h = aC 0 + bf and with first Chern class c 1 (E) = αC 0 + βf is given as the kernel of a surjective map
Using similar techniques it is also possible to retrieve each Ulrich bundle on X e as the cohomology of a monad. Proposition 3.5. Let E be a rank r Ulrich bundle on (X e , h) with h = aC 0 + bf , a > 1 and with first Chern class c 1 (E) = αC 0 + βf . Then E is the cohomology of the monad
Proof. We want to apply Beilinson's theorem to retrieve the monad. In order to do so, we compute the cohomological table of E(−a, −b − 1).
Since we supposed that X e is not embedded as a scroll, we obtain all the vanishing in the table with Lemma 3.1. In order to compute the dimension of the only non zero cohomology we use Riemann-Roch. So we have 
From the resolution to the Ulrich bundle
Now we study the inverse problem: given a locally free sheaf E which is the cokernel of a map as in (3.2) , is it an Ulrich bundle on X e ? Theorem 4.1. Let E be a vector bundle of rank r on (X e , O(h)) with c 1 (E) = αC 0 + βf and h = aC 0 + bf very ample. Suppose that E is the cokernel of an injective map φ
) are non negative integers, then E is an Ulrich bundle if and only
Proof. First of all observe that the existence of an injective map φ is guaranteed by the fact that O δ Xe (0, 1) ⊕ O τ Xe (1, e) is globally generated. Let E be the cokernel of φ. Recall that, thanks to Auslander-Buchsbaum formula, any Ulrich sheaf on a smooth variety is a vector bundle. So as soon as we check that
then E would be an Ulrich vector bundle.
Now we focus on E(−2h) = E(−2a, −2b). We tensor ( 
We want to show that h
) and
So now using Lemma 2.1 we get:
Similarly, we can compute
Now we want to compute
Substituting γ, δ and τ from the resolution (3.2), a straightforward computation shows that Φ = 0, so if
would be an isomorphism. Then E is a rank r Ulrich bundle on X e . Remark 4.3. Let's consider a rank two vector bundle E on (X e , h) with h very ample. Let c 1 (E) = 3h + K Xe be the first Chern class of E (i.e. E is a special Ulrich bundle) and suppose E fits in the resolution (3.2). Then the cohomological vanishing of E(−2h) is automatically satisfied. In fact we showed in the previous proposition that as soon as a vector bundle has a resolution of the form (3.2) then h i (E(−h)) = 0 for all i. Furthermore E is a rank two vector bundle, so
. From the resolution we are able to conclude that h 1 (E(−2h) = h 2 (E(−2h)) and using Serre's duality we get
In [2] has been proven the existence of special rank two Ulrich bundles on ruled surfaces. Thanks to Theorem 4.1 and Remark 4.3, we obtain in a different way the existence of special Ulrich bundles on Hirzebruch surfaces for any very ample polarization. Furthermore we characterize them as the cokernel of an injective map between certain totally decomposed vector bundles.
Corollary 4.4. Let E be a rank two vector bundle on (X e , h = O Xe (aC 0 + bf )) with c 1 (E) = αC 0 + βf = 3h + K Xe then E is Ulrich if and only if it is the cokernel of an injective map φ
with γ = α + β − r(a + b − 1) − e(α − ar), δ = β − r(b − 1) − e(α − ar) and τ = α − r(a − 1). Now we determine which are the Ulrich line bundles on X = X 0 = P 1 × P 1 .
Proposition 4.5. The Ulrich line bundles on
Proof. A line bundle on X is of the form O X (x, y). In order for it to be an Ulrich line bundle we need to require that:
Solving the system we obtain the desired result.
Example 4.6. In general it's straightforward to see that as soon as we have Ulrich line bundles over a projective variety, we have Ulrich bundles of any rank. In fact Ulrich bundles behave well with respect to extensions, i.e an extension of two Ulrich bundles is also Ulrich. Let's consider E a rank two special Ulrich bundle which is an element of Ext
). Now we retrieve E using the Beilinson's resolution.
Consider the pull back on X of the following short exact sequences on P 1 :
so we obtain two short exact sequences on X
Now we consider the following diagram with exact rows and columns
We want to construct a short exact sequence in the middle taking the direct sum of the terms in the two exact rows, i.e.
. which is exactly the resolution (3.2).
In order to do so we need to check that the map h lifts to a map 
is surjective, so we have a map
. So using the snake lemma we have the following commutative diagram
where all the rows and the columns are exact. Since Ext
5.
The case e = {0, 1} and h = −i h K Xe
We consider X e = P(O P 1 ⊕ O P 1 (−e)) with e = 0, 1. We embed it with an ample divisor h = −i h K Xe = −2i h C 0 − (2 + e)i h f where i h is a positive rational number. Let E be an Ulrich bundle on (X e , h) of rank r and first Chern class c 1 (E) = αC 0 + βf . In this situation we have by Proposition 2.7:
Now we want to find a bound for c 2 1 (E) in order to restrict the set of admissible first Chern classes of an Ulrich bundle on X with fixed rank. Another more general approach is discussed in Section 5.
Let's start by recalling a formula useful to compute the dimension of moduli spaces of vector bundles.
Lemma 5.1. [6, Proposition 2.12] Let E be an Ulrich bundle on (X e , h) of rank r and first Chern class c 1 (E) = αC 0 + βf . Then
Proposition 5.2. Let E be an Ulrich bundle of rank r on X with first Chern class
Since E is µ-semistable then Bogomolov's inequality holds, so ∆ = 2rc 2 (E)− (r − 1)c 2 1 (E) ≥ 0. Using (5.1) we have c
For the second part of the inequality recall that by the Hodge Index theorem we have h 2 c
If we take E to be simple, then the moduli space of simple Ulrich bundles of rank r has dimension h 1 (X, E ⊗ E ∨ ). Using Lemma 5.1 we get
Imposing that this dimension is non negative we get the desired result.
Now we focus our attention on rank two Ulrich bundles on X = ( d) ). Thanks to Proposition 5.2 we have d + 1 possible admissible first Chern classes αC 0 +βf (up to an exchange of α and β) and we have that for (α, β) = (2d−2, 4d−2) the Ulrich bundle splits since Ext
Remark 5.3. In the case of (P 2 , O P 2 (d)) we can find a resolution of an Ulrich bundle using similar techniques (see [10] , [20] ). In that case, every vector bundle of rank r that admits a resolution of the form
is Ulrich if H 2 (E(−2d)) = 0. When we consider vector bundle of rank 2 sitting in the previous short exact sequence, they are automatically Ulrich, i.e. the cohomological condition is trivially satisfied (using the fact that E ∨ = E(−c 1 )).
however the situation is different. Let's consider a vector bundle E of rank 2 having a resolution of the form (3.2). In order for E to be Ulrich we must require that h 2 (E(−2d, −2d)) = 0. So we have
We already observed in Corollary 4.4 that this condition is automatically satisfied when c 1 (E) = 3h + K X = (3a − 2)C 0 + (3b − 2)f . However for the other possible Chern classes the cohomological condition isn't trivially satisfied and we can construct the following counterexamples. Let k be an integer such that 1
We want to construct a rank 2 vector bundle sitting in a resolution of the form (3.2), with first Chern class c 1 = (2d − 2 + k, 4d − 2 − k) that is not Ulrich. Let's consider the following exact sequence:
and pull it back on X obtaining
By computing the first Chern classes one obtains t = k + d − 1. With the same argument we can find a second short exact sequence:
and we combine the two sequences we obtain a resolution of the form (3.2) (setting q = d 2 ):
Every direct summand of an Ulrich bundle is also Ulrich. By Proposition 4.5, we know that both
are Ulrich only when k = d, so the bundle E constructed in this way is not Ulrich.
We will end this section with an alternative representation (with respect to the resolution (3.2)) of a rank two Ulrich bundle E on
there exists a short exact sequence
Conversely, if E is a rank two vector bundle such that
E ∈ Ext 1 (O X (2d − 2, 2d − 1), O X (2d − 1, 0)) then E
is Ulrich if and only if it is initialized.
Proof. First of all let's build the Beilinson's table of E(−2d + 1, −2d + 1).
Observe that the zeroes in the table are obtained using Lemma 3.1. So in order to compute the numbers in the cohomological table we use the Riemann-Roch theorem. Thus we have
So the first page of the Beilinson's spectral sequence will give us
looking at the second (and infinity) page we have
So in the end we obtain E(−2d + 1, −2d + 1) as an extension
Observe that Ker φ is locally free since φ is the pull-back of a map on P 1 and the kernel of a map on a smooth curve between locally free sheaves is locally free. Furthermore, by (5.9) Ker φ can have rank at most 2. We say that Ker φ has rank 1. In fact the rank cannot be zero because φ in (5.7) cannot be injective and the rank cannot be 2 because in that case Ker ψ would be a torsion sheaf which is in contradiction with (5.8).
So Ker φ = O X (0, x). Let's consider (5.8) . Since E is Ulrich we have that
and tensoring it by O X (0, 2d − 2) we obtain
Now if we tensor (5.8) by O X (0, 2d − 2) we get h 0 (Ker ψ ⊗ O(0, 2d − 2)) = 0 so, considering the long exact sequence in cohomology induced by (5.10) we get and tensoring it by O X (2d − 1, 2d − 1) we obtain the desired result.
Conversely take an extension
and twist it by O X (−2d, −2d),
so we have
and consider the long exact sequence induced in cohomology. Since
So as soon as one of the cohomology groups vanishes, also the other does.
Remark 5.5. In a completely similar way, it is possible to have a rank 2 Ulrich bundle with c 1 (E) = (2d − 1)C 0 + (4d − 3)f as ax extension
using Macaulay2 (see Section 7) we proved the existence of non special rank two Ulrich bundles for several different polarization. In particular, for example, consider (X, O X (3, 3)), then there exist rank two Ulrich bundles with c 1 (E) = 9C 0 + 5f and they are all realized as an extension
of two line bundles which are not Ulrich.
Admissible Chern classes for rank two Ulrich bundles
In this section we discuss which are the admissible first Chern classes for rank two Ulrich bundles on (X e , h = aC 0 +bf ). Assume a ≤ b (we have already discussed the case of P 1 × P 1 with a = b = d in the previous section). We start with the following Proposition 6.1. Let X be X = X 0 = P 1 × P 1 embedded with a very ample divisor h = aC 0 + bf , with a < b. Let E be a rank two Ulrich bundle. Then if GCD(a, b) = s ≤ a, then we have 2s + 1 possible first Chern classes for E. In fact the admissible first Chern classes are:
Proof. Recall that by Proposition 2.7 we have:
which is an integer. Now solving for β we obtain
and we need β to be a positive integer. Using (3.2) and Proposition 4.5 we have a bound for α and β, which is 2a − 2 ≤ α ≤ 4a − 2 and 2b − 2 ≤ β ≤ 4b − 2. Now let's define
2 ). So in order for β i to be integer, we have to require that Remark 6.2. Suppose P 1 × P 1 is embedded with a very ample divisor h = al + bm such that GCD(a, b) = 1, then the only possibility for the first Chern class of a stable, rank two Ulrich bundle E is c 1 (E) = 3h + K X0 (i.e. E is special).
Remark 6.3. In the case of (X = P 1 × P 1 , O X (a, b)), to satisfy the Bogomolov's inequality for semistable rank two bundles is equivalent to satisfy the numerical conditions imposed by the Beilinson's resolution (3.2) (i.e. the exponents in the resolution must be non negative). In fact for a semistable rank two vector bundle E with first Chern class c 1 (E) = αC 0 + βf the Bogomolov's inequality gives us ∆ = 4c 2 (E) − c 2 1 (E) ≥ 0. while the numerical conditions for the Beilinson's resolution are
Using Proposition 2.7 we have
Recall that for a rank two Ulrich bundle we have
so expressing ∆ in terms of α we have
Now we want to study the behavior of ∆(α), so we compute its first derivative
Studying the sign of ∆ ′ (α) we see that α = 3a − 2 is the only maximum for ∆(α). But for α = 2a − 2 and α = 4a − 2 (which are the minimum and the maximum condition for the resolution to make sense) ∆(2a − 2) = ∆(4a − 2) = 0, so we have ∆(α) ≥ 0 for all 2a − 2 ≤ α ≤ 4a − 2. In particular we conclude that any rank two vector bundle on X 0 fitting into the resolution (3.2) satisfies Bogomolov's inequality. Now we will discuss the admissible first Chern classes for (X e , O Xe (a, b)) with e > 0. The situation is slightly different from P 1 × P 1 because in the case of rational ruled surfaces is not always guaranteed the existence of Ulrich line bundles. The proof is completely analogous as the one in Proposition 6.1. (1, b) ) is slightly different. In fact h = C 0 + bf with b > e are the only polarizations such that X e admits Ulrich line bundles. In this case it's not hard to see that we have three admissible first Chern classes.
Indecomposable rank two Ulrich bundles
In this section we will construct rank two stable Ulrich bundle on X e with respect to a very ample polarization aC 0 + bf . Using Serre-Hartshorne correspondence on surface, we will prove the existence of stable Ulrich bundles on X 0 with two of the possible admissible first Chern classes. Then we will show an example of how to use Macaulay2 to construct Ulrich bundle on X e for several different polarization, Chern classes and ranks. Proposition 7.1. Let X be X = P 1 × P 1 , h = aC 0 + bf with a ≤ b be a very ample divisor and suppose GCD(a, b) = s > 1. Then there exist non-special rank two Ulrich bundles with respect to the chosen polarization and with
with Z a general zero dimensional subscheme of X with l(Z) = ab( s−1 s ). Proof. First we prove that there exist vector bundles realized as an extension (7.1). In order to do so we need to verify that the pair
has the Cayley-Bacharach property. We have
So we have
and it follows that for a general Z, the pair (a − 2 − a s )C 0 + (b − b s − 2)f, Z verifies the Cayley-Bacharach property, so in any extension of type (7.1) there are rank two vector bundles.
By Proposition 2.7, in order for E to be Ulrich we need to verify the equalities on the Chern classes and the vanishing in cohomology. Every vector bundle in the extension (7.1) has first Chern class c 1 (E) = 3h+K X +D where
So it remains to check that h 0 (E(−h)) = h 0 (E ∨ (2h + K X )) = 0. Twisting (7.1) by O X (−h) and considering the long exact sequence in cohomology we obtain:
thus for a general Z we have h 0 (I Z (a − 1 − 
thus for a general Z we have h 0 (I Z (a − 1, b − b s − 1)) = 0 and h 0 (E(−h − D)) = 0, so by Proposition 2.7, E is a rank two Ulrich bundle on X. − 1, 2b − 1) . We conclude that a non special rank two Ulrich bundle, apart from the trivial ones E = L 2 and E = M 2 , is always stable. In fact we can check the (semi)stability of a sheaf E by considering the subsheaves F such that the quotient E/F is torsion free (see [22, Theorem 1.2 
.2]).
A rank two Ulrich bundle can only destabilize on a Ulrich line bundle, but in this way the quotient would also be an Ulrich line bundle. However, this is not possible because of the numerical conditions imposed by the first Chern classes. Remark 7.3. In a completely similar way it's possible to construct rank two special Ulrich bundles for any possible very ample polarization h = aC 0 + bf as extensions but H 0 (I Z (a, − b s )) = 0, so does not exist a non zero map between M and E. Since a rank two Ulrich bundle can only destabilize on a Ulrich line bundle, E is stable, thus indecomposable.
We will end this section with a Macaulay2 example of a code which allows us to proof the existence of rank two Ulrich bundles on (X e , h) for all admissible first Chern classes and several very ample polarizations. We will use the resolution (3.4) Example 7.4. In this example we will construct non special rank two Ulrich bundles on X 1 . In this Macaulay2 code, given a divisor D = tC 0 +sf on the Hirzebruch surface X e we will denote O Xe (D) = O Xe (DC 0 , Df ) = O Xe (s − et, t).
i1 : loadPackage "NormalToricVarieties"; Let's choose the self intersection invariant e i2 : e=1; i3 : FFe=hirzebruchSurface(e, CoefficientRing => ZZ/32003, Variable => y); i4 : S = ring FFe; i5 : loadPackage "BoijSoederberg"; i6 : loadPackage "BGG"; i7 : cohomologyTable(ZZ,CoherentSheaf,List,List):=(k,F,lo,hi)->(new Cohom · · · Let's fix a polarization h = aC 0 + bf , the rank r of our bundle and the first Chern class uC 0 + vf .
i8 : a=3; i9 : b=6; i10 : r=2; i11 : u=6; i12 : v=16; i13 : exp1=r*(2*b-1-e)-v-e*(r*(2*a-2)-u); i14 : exp2=r*(2*a-1)-u; i15 : exp3=r*(2*a+2*b-3-e)-u-v-e*(r*(2*a-2)-u); we construct two random matrix to obtain, as in Remark 3.4, two maps Using Macaulay2 we are able to prove the existence of Ulrich bundles for several different polarization and all admissible first Chern classes. We tried also in rank greater than two and up to now we always found Ulrich bundles for all admissible c 1 (E).
